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A COMPLETE CHARACTERIZATION OF EXPONENTIAL
STABILITY FOR DISCRETE DYNAMICS
NICOLAE LUPA AND LIVIU HORIA POPESCU
Abstract. For a discrete dynamics defined by a sequence of bounded and not
necessarily invertible linear operators, we give a complete characterization of
exponential stability in terms of invertibility of a certain operator acting on
suitable Banach sequence spaces. We connect the invertibility of this operator
to the existence of a particular type of admissible exponents. For the bounded
orbits, exponential stability results from a spectral property. Some adequate
examples are presented to emphasize some significant qualitative differences
between uniform and nonuniform behavior.
1. Introduction
Throughout our work we deal with nonautonomous linear difference equation
xn+1 = Anxn, n ∈ N, (1)
where (An)n∈N is a sequence of bounded and not necessarily linear operators acting
on a Banach space E.
There is an analogy between difference equations and differential equations, via
discretization method. To be more specific, a discrete time equation in an infinite
dimensional space typically occurs as a discretization of a compact semigroup (cf.
[23, pp. 12]). It is therefore natural to consider the case when the operators An
are not necessarily invertible. Furthermore, it is sometimes possible to apply some
results in the discrete case to the continuous situation. More precisely, in order
to study the asymptotic behavior of a nonautonomous dynamical system modeled
by an evolution family it suffices to characterize the asymptotic behavior of the
associated discrete dynamics. On this matter we refer to [10, Discrete Dichotomy
Theorem], [13, pp. 229-230, Exercise 10], [14, Theorem 4.8] and [24, Lemma 3.1]
for the case of uniform exponential dichotomies, as well as to [25, Theorem 4.3]
for exponential trichotomies. For useful and interesting details on the theory of
discrete dynamical systems, we refer the reader to monographs [1, 12, 23]. Some
important results for discrete dynamics are also obtained in [2, 17, 19, 20].
In the study of the asymptotic behavior of solutions of difference equations, it
is important to find conditions for the existence of exponential stability, dichotomy
or trichotomy of the associated dynamics. In this regard one possible approach is
to reduce the study of the qualitative behaviour of the nonautonomous equation
(1) to the analysis of the spectral properties of the operator A defined by
(Ax)n+1 = Anxn, n ∈ N, x = (xn)n∈N ∈ Y,
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where Y is some Banach sequence space with elements in E. Thus, this approach
consists of passing from a nonautonomous dynamics to an autonomous one defined
on a class of “super”-spaces of E-valued sequences, which is simpler to study (see for
instance [9, 10, 14]). This idea goes back to the pioneering works of Perron [18] in
the case of ordinary differential equations and of Li [15] for discrete time systems. A
related tool is represented by the input-output techniques, often called admissibility
methods. Such arguments involve the existence of some pairs of Banach sequence
spaces, and replace the study of the equation (1) to the analysis of the control
system
un+1 = Anun + fn+1, n ∈ N.
For example in [24] it is shown that the admissibility of the pair (ℓp(N, E), ℓq0(N, E)),
1 ≤ p, q <∞, where
ℓq0(N, E) = {x = (xn)n∈N ∈ ℓq(N, E) : x0 = 0},
implies the existence of uniform exponential dichotomy.
In recent years, a large number of papers study different aspects of the dynamics
of systems with nonuniform exponential behavior. A motivation for introducing
this type of behavior lies in the ergodic theory, almost all trajectories with nonzero
Lyapunov exponents have a nonuniform exponential behavior. We refer the reader
to the work of Barreira and Valls [6] for details and references on the theory of
nonuniform exponential stability. In [7] the authors showed that the admissibility
of the pair (ℓ∞α (N, E), ℓ
∞
α (N, E)) suffices for a discrete dynamics to be nonuniform
exponentially stable. Here ℓ∞α (N, E) denotes the following Banach sequence space:
ℓ∞α (N, E) =
{
x = (xn)n∈N ⊂ E : sup
n∈N
‖xn‖n,α <∞
}
,
where
‖v‖n,α = sup
m≥n
e−α(m−n)‖A(m,n)v‖, v ∈ E,
n ∈ N and α ∈ R is such that there exist some constants M > 0 and ε ≥ 0 with
‖A(m, k)‖ ≤ Meεkeα(m−k), for all m ≥ k in N. For related results in the case of
nonuniform exponential dichotomy we refer the reader to [4]. Furthermore, in [3]
the authors completely characterize the general notion of exponential dichotomy
with respect to a sequence of norms ‖ · ‖n, n ∈ Z, such that each norm ‖ · ‖n
is equivalent to the original norm on a Banach space E, in terms terms of the
admissibility of some pairs (Y1, Y2) obtained from (l
p(Z, E), lq(Z, E)), with p and q
not necessarily equal. Other recent important results in the theory of nonuniform
behavior for discrete dynamics are obtained in [8, 11, 21, 22, 26].
The main goal of our paper is to present a complete description of nonuniform
exponential stability of the discrete dynamics defined by Eq. (1), in the spirit of the
first method presented above. Let us notice that the techniques used in the uniform
case do not work in the nonuniform setting, therefore new approaches must be
identified. In this framework, our constructions and arguments (needed in the case
of nonuniform behavior) are nontrivial. To the best of our knowledge, the statement
in Theorem 3.3 gives a new result in the stability theory, and evidently it is specific
to nonuniform behavior. A sufficient condition for the existence of nonuniform
exponential stability of all bounded orbits is also established. Important, some
discrete versions of well known results in the stability theory of evolution equations
are simple consequences of our conclusions.
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Similar results for nonuniform hyperbolic sequences are obtained in the recent
paper [5], that treats the case when the sequence A is Z-indexed. The main result
in [5] tells that A = (An)n∈Z is hyperbolic with respect to an appropriate family
of norms ‖ · ‖n if and only if the associated evolution map is hyperbolic. When
lecturing [5] one may easily observe that the path we follow is of a different type,
in [5] an appropriate sequence of norms is used instead of the concept of admissible
exponents. Let us also point out that our paper proves the necessity of the study
of each individual admissible exponent situation, as illustrated in Example 5.5.
The results obtained in this paper are also related to the results obtained by
Barreira and Valls [7] and by Barreira, Dragicˇevic´ and Valls [3, 4], respectively
in the case of nonuniform exponential stability and nonuniform hyperbolicity. In
particular, if we consider the projections Pn in [3, 4] to be the identity, we have the
case of nonuniform exponential stability. In this particular situation, Theorem 1
and Theorem 2 in [4], respectively Theorem 4.1 and Theorem 5.2 in [3] are strongly
related to Theorem 3.1 in the present paper. In spite of this, the characterizations
are different, since none of the results in [3, 4, 7] and in our paper imply the results
in the other.
2. Notions and preliminary results
As usually N denotes the set of all non-negative integers, and we put N∗ = N\{0}.
Let ∆ = {(m,n) ∈ N × N : m ≥ n} and ∆n = {m ∈ N : (m,n) ∈ ∆}, n ∈ N.
Given a sequence A = (An)n∈N of bounded linear operators on a Banach space E,
for any (m,n) ∈ ∆ we set
A(m,n) =
{
Am−1 · · ·An, m > n,
Id, m = n.
The family of operators {A(m,n)}(m,n)∈∆ is called the discrete evolution family
associated to A. Notice that we do not assume the invertibility condition for the
operators An, thus our results are applicable to a significantly large class of discrete
dynamics.
For fixed α ∈ R the operator sequence A is called α-nonuniform exponentially
bounded, if there exists a (not necessarily bounded) positive real sequence (Mn)n∈N
such that
‖A(m,n)‖ ≤Mneα(m−n), for (m,n) ∈ ∆, (2)
in which case we call α an admissible exponent for A. We denote Ead (A) the set
of all admissible exponents of A. If there exists α ∈ Ead (A) with α < 0, then A is
called α-nonuniform exponentially stable.
If Ead (A) 6= ∅ we say that A is nonuniform exponentially bounded, and if A has
negative admissible exponents, then A is called nonuniform exponentially stable.
In the above terminology, whenever there exists a bounded sequence (Mn)n∈N
satisfying (2), we just replace the term “nonuniform” by “uniform”.
We specify that throughout our paper we always assume Ead (A) 6= ∅. For any
fixed α ∈ Ead (A) and n ∈ N, the below mapping [7, Eq. (6)] is a norm on E:
‖x‖n,α = sup
m∈∆n
e−α(m−n)‖A(m,n)x‖, x ∈ E,
that satisfies
‖x‖ ≤ ‖x‖n,α ≤Mn‖x‖.
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Let us denote
c00 =
{
u = (un)n∈N ⊂ E : limn→∞un = u0 = 0
}
,
which is a Banach sequence space equipped with norm ‖u‖∞ = sup
n∈N
‖un‖. For each
α ∈ Ead (A) we also denote
c00(α) =
{
u = (un)n∈N ⊂ E: lim
n→∞
‖un‖n,α = ‖u0‖ = 0
}
.
Standard arguments can show that c00(α) is a Banach sequence space endowed with
norm
‖u‖α = sup
n∈N
‖un‖n,α.
Remark 2.1. We have
(i) c00(α) ⊂ c00, α ∈ Ead (A);
(ii) if α ∈ Ead (A) and β ≥ α, then β ∈ Ead (A) and c00(α) ⊂ c00(β).
For a nonautonomous dynamics A = (An)n∈N, the evolution map T is defined
by
(Tu)n =
{
An−1un−1, n ≥ 1,
0, n = 0,
on the set of all E-valued sequences u = (un)n∈N. For each α ∈ Ead (A), let Tα be
the restriction of the operator T to c00(α).
Proposition 2.2. The map Tα : c00(α) → c00(α) is a bounded linear operator on
c00(α).
Proof. Let u ∈ c00(α). For every positive integer n ∈ N∗ one has
‖(Tαu)n‖n,α = sup
m∈∆n
e−α(m−n)‖A(m,n)(Tαu)n‖
= sup
m∈∆n
e−α(m−n)‖A(m,n− 1)un−1‖
≤ eα‖un−1‖n−1,α.
The above estimation immediately yields Tαu ∈ c00(α), thus Tα : c00(α) → c00(α)
is well defined. We also deduce that ‖Tαu‖α ≤ eα‖u‖α, consequently the linear
operator Tα is bounded on c00(α), with ‖Tα‖c00(α) ≤ eα. 
Let us put
Gα = Tα − Id, α ∈ Ead (A) ,
that is Gα is the restriction of G = T − Id to c00(α). We remark that the operator
Gα plays in fact the role of the infinitesimal generator of the evolution semigroup
(see [10, pp. 73] and [16]), in the case of nonuniformly exponentially bounded
discrete dynamics.
Next lemma is crucial in the sequel, and will be used latter to prove our first
main result.
Lemma 2.3. Let α ∈ Ead(A).
(i) If u, v ∈ c00(α), then Gαu = −v if and only if the following identity holds:
un =
n∑
k=0
A(n, k)vk, n ∈ N. (3)
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(ii) If α < 0, then for each v ∈ c00(α), let u = (un)n∈N be the sequence defined
by Eq. (3). Then u ∈ c00(α) and Gαu = −v.
Proof. (i) Necessity. Assume that u, v ∈ c00(α) with Gαu = −v. Evidently (3)
holds for n = 0. If n ∈ N∗ we successively have
T nαu− u =
n−1∑
k=0
(
T k+1α − T kα
)
u =
n−1∑
k=0
T kαGαu = −
n−1∑
k=0
T kαv,
therefore
un =
n∑
k=0
(T kαv)n =
n∑
k=0
A(n, n− k)vn−k =
n∑
k=0
A(n, k)vk.
Sufficiency. If (3) holds, then for each n ∈ N∗ one has
(Gαu)n = An−1un−1 − un
= A(n, n− 1)
n−1∑
k=0
A(n− 1, k)vk −
n∑
k=0
A(n, k)vk
=
n−1∑
k=0
A(n, k)vk −
n∑
k=0
A(n, k)vk = −vn.
As the above relation also holds for n = 0, we conclude that Gαu = −v.
(ii) Choose v ∈ c00(α) and consider u = (un)n∈N defined by Eq. (3). For n ∈ N,
using (3), one gets
‖un‖n,α = sup
m∈∆n
e−α(m−n)‖A(m,n)un‖
≤ sup
m∈∆n
e−α(m−n)
n∑
k=0
‖A(m, k)vk‖
=
n∑
k=0
eα(n−k) sup
m∈∆n
e−α(m−k)‖A(m, k)vk‖
≤
n∑
k=0
eα(n−k) sup
m∈∆k
e−α(m−k)‖A(m, k)vk‖
=
n∑
k=0
eα(n−k)‖vk‖k,α.
As for α < 0 the series
∞∑
n=0
eαn is convergent and lim
n→∞
‖vn‖n,α = 0, Lemma A.1
readily implies lim
n→∞
‖un‖n,α = 0, thus u ∈ c00(α). The second statement is a direct
consequence of (i). 
3. Nonuniform exponential stability and invertibility of the
operators Gα
In this section we completely characterize the existence of nonuniform exponen-
tial stability for a discrete dynamics A, in terms of invertibility of the operators
Gα.
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We consider next theorem to be one of the main results of the paper. It is in fact
the correspondent of Theorem 2.2 in [16], for a nonuniform exponentially bounded
discrete dynamics. Let us emphasize that the time-dependence of the intervening
constants requires completely different techniques.
Theorem 3.1. The sequence A is nonuniform exponentially stable if and only
if there exists an admissible exponent α ∈ Ead(A), for which the operator Gα is
invertible on c00(α).
Proof. Necessity. Assume that A is α-nonuniform exponentially stable. Lemma 2.3
(i) readily implies that Gα is a one-to-one operator, then as α < 0, Lemma 2.3 (ii)
ensures that Gα : c00(α)→ c00(α) is onto.
Sufficiency. If the operator Gα is invertible on c00(α) for some α ∈ Ead(A), then
evidently it suffices to analyze only the case α ≥ 0. As G−1α is bounded on c00(α),
let us denote cα = ‖G−1α ‖ > 0. We divide our proof into three steps.
Step 1. The following inequality holds:
‖A(m,n)‖ ≤ [cα(eα − 1) + 1]Mn, for (m,n) ∈ ∆. (4)
For α = 0, estimation (4) is a simple consequence of Eq. (2). Pick α ∈ Ead(A)
with α > 0. If m > n are fixed, arbitrary non-negative integers and x ∈ E, we
define the sequence v = (vk)k∈N (depending on α, m, n, x) by
vk =
{
e−α(k−n)A(k, n)x, k ∈ {n+ 1, . . . ,m},
0, otherwise,
and if m = n, we put vk = 0 for all k ∈ N. Let us remark that v ∈ c00(α). If
k /∈ {n+ 1, . . . ,m}, then ‖vk‖k,α = 0. For k ∈ {n+ 1, . . . ,m} we have
‖vk‖k,α = sup
i∈∆k
e−α(i−k)‖A(i, k)vk‖ = sup
i∈∆k
e−α(i−n)‖A(i, n)x‖ ≤Mn‖x‖,
consequently
‖v‖α ≤Mn‖x‖.
Putting u = G−1α (−v) ∈ c00(α), from identity (3) one gets
um =
m∑
k=0
A(m, k)vk =
m∑
k=n+1
e−α(k−n)A(m,n)x =
1− e−α(m−n)
eα − 1 A(m,n)x,
which implies
1
eα − 1A(m,n)x = um +
1
eα − 1 e
−α(m−n)A(m,n)x.
This yields
1
eα − 1‖A(m,n)x‖ ≤ ‖um‖+
1
eα − 1 e
−α(m−n)‖A(m,n)x‖
≤ ‖u‖α + 1
eα − 1Mn‖x‖
≤ cα‖v‖α + 1
eα − 1Mn‖x‖
≤
(
cα +
1
eα − 1
)
Mn‖x‖,
which proves (4).
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Step 2. We prove that
‖A(m,n)‖ ≤ [cα(eα − 1) + 1] c
k
α k!
(m− n)k Mn, for m > n in N, (5)
and for all k ∈ N.
Step 1 shows that (5) is valid for k = 0. Assume now that (5) holds for some
k ∈ N. For fixed non-negative integers m > n and x ∈ E we define a sequence
v = (vi)i∈N by
vi =
{
(i− n)kA(i, n)x, i ∈ {n+ 1, . . . ,m},
0, otherwise.
Notice that v ∈ c00(α). For i ∈ {n+ 1, . . . ,m} one gets
‖vi‖i,α = sup
j∈∆i
e−α(j−i)‖A(j, i)vi‖ = sup
j∈∆i
e−α(j−i)(i− n)k‖A(j, n)x‖.
Using the induction step we have
‖vi‖i,α ≤ sup
j∈∆n
(j − n)k‖A(j, n)x‖ ≤ [cα(eα − 1) + 1] ckα k!Mn‖x‖.
If i ∈ {0, . . . , n} or i ≥ m+ 1, then ‖vi‖i,α = 0, therefore
‖v‖α ≤ [cα(eα − 1) + 1] ckα k!Mn‖x‖.
Put u = G−1α (−v) ∈ c00(α). Lemma 2.3 (i) implies
um =
m∑
i=0
A(m, i)vi =
(
m∑
i=n+1
(i− n)k
)
A(m,n)x =
(
m−n∑
i=1
ik
)
A(m,n)x,
and from inequality (18) in Appendix B we obtain
‖um‖ ≥ (m− n)
k+1
k + 1
‖A(m,n)x‖.
Estimating
(m− n)k+1
k + 1
‖A(m,n)x‖ ≤ ‖u‖α ≤ cα‖v‖α ≤ [cα(eα − 1) + 1] ck+1α k!Mn‖x‖,
we conclude that (5) holds for k + 1.
Step 3. We show that
‖A(m,n)‖ ≤ 2[cα(eα − 1) + 1]Mne− 12cα (m−n), for (m,n) ∈ ∆. (6)
If (m,n) ∈ ∆, from Step 2 one gets(
m− n
cα
)k
1
k!
‖A(m,n)‖ ≤ [cα(eα − 1) + 1]Mn, k ∈ N.
Multiplying the above inequality by
1
2k
and summing over k we obtain estimation
(6), thus A is nonuniform exponentially stable. 
The sufficiency of Theorem 3.1 furnishes a simple condition for the existence of
nonuniform exponential stability in the case of discrete dynamics. Recall that the
spectral radius of a bounded linear operator T : E → E is defined by
r (T ) = lim
n→∞
n
√
‖T n‖.
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Corollary 3.2. If for some α ∈ Ead(A) the spectral radius r(Tα) < 1, then the
sequence A is nonuniform exponentially stable.
Our second main result below offers a necessary and sufficient condition for the
invertibility of each operator Gα, α ∈ Ead(A). At our best knowledge this result is
quite new, being specific to nonuniform asymptotic behavior.
Theorem 3.3. Let α ∈ Ead(A). The operator Gα is invertible on c00(α) if and
only if there exists β < 0, β ∈ Ead(A), such that c00(α) = c00(β).
Proof. Sufficiency. Since c00(α) = c00(β) then from one hand Gα = Gβ and from
another hand, as β < 0, from the proof of the necessity of the previous theorem we
get that Gβ is invertible. Thus Gα is invertible.
Necessity. According to the above arguments it suffices to analyze only the case
α ≥ 0. Assume that Gα is invertible on c00(α). The sufficiency of Theorem 3.1
implies that the sequence A is nonuniform exponentially stable, that is Ead(A)
contains negative admissible exponents. We start our proof with some auxiliary
results.
Step 1. Basic constructions.
For chosen ν ∈ Ead(A) with ν < 0, pick ε > 0 such that β := ν + ε ∈ (−1, 0).
It follows that β ∈ Ead(A). For any fixed n ∈ N and x ∈ E \ {0} we define the
sequence θ = θ(β, n, x) = (θk)k∈N in E by
θk =
{
e−β(k−n)A(k, n)x, k ≥ n+ 1,
0, k ∈ {0, . . . , n}.
Let us notice that θ ∈ c00(α). Indeed, for k ≥ n+ 1 we have
‖θk‖k,α = sup
m∈∆k
e−α(m−k)‖A(m, k)θk‖ = sup
m∈∆k
e−α(m−k)e−β(k−n)‖A(m,n)x‖
≤ sup
m∈∆k
e−β(k−n)‖A(m,n)x‖ ≤ sup
m∈∆k
e−β(k−n)eν(m−n)Mn ‖x‖
≤ e−β(k−n)eν(k−n)Mn ‖x‖ = e−ε(k−n)Mn ‖x‖,
which proves that θ ∈ c00(α). Since lim
k→∞
‖θk‖k,α = 0, there exists (not necessarily
unique) k0 ∈ N satisfying
sup
k∈N
‖θk‖k,α = ‖θk0‖k0,α,
and let p = p(β, n, x) ∈ N be the minimum of all such k0. Remark that p ≥ n+ 1.
Step 2. There exists β ∈ Ead(A)∩(−1, 0) such that for any n ∈ N and x ∈ E\{0},
one has p = p(β, n, x) ∈
[
n+ 1, n− 1β
)
.
Assuming the contrary we deduce that for any fixed integer k ≥ 2, large enough
such that βk = − 1k ∈ Ead(A), there exist nk ∈ N and xk ∈ E \ {0} for which
pk = p
(− 1k , nk, xk) ≥ nk + k. Let us denote y = y(k) = θ (− 1k , nk, xk) ∈ c00(α)
and let v = v(k) = 1k y ∈ c00(α). We intend to prove that the sequence u = (um)m∈N
defined by
um =

1
k
m−nk∑
j=1
e
j
k A(m,nk)xk, m ≥ nk + 1,
0, m ∈ {0, . . . , nk},
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belongs to c00(α). From inequality
et − 1
t
< et <
et(et − 1)
t
, t > 0,
substituting t = 1/k one gets
1 <
e
1
k
k(e
1
k − 1) < e
1
k .
For m ≥ nk + 1, multiplying the above relation by e
m−nk
k − 1, we have
e
m−nk
k − 1 < 1
k
m−nk∑
j=1
e
j
k < e
m−nk+1
k − e 1k . (7)
The right hand inequality (7) readily implies
‖um‖m,α =
1
k
m−nk∑
j=1
e
j
k
 sup
i∈∆m
e−α(i−m)‖A(i, nk)xk‖
< e
1
k
(
1− e−m−nkk
)
sup
i∈∆m
e−α(i−m)e
m−nk
k ‖A(i, nk)xk‖
= e
1
k
(
1− e−m−nkk
)
‖ym‖m,α.
Since y ∈ c00(α), it follows that u ∈ c00(α), moreover
‖u‖α ≤ e 1k ‖y‖α.
On the other hand, one can easily see that um =
m∑
j=0
A(m, j)vj , m ∈ N. Lemma
2.3 (i) yields Gαu = −v. Using the left hand inequality in (7), under hypothesis
pk ≥ nk + k we successively have
‖u‖α ≥ ‖upk‖pk,α >
(
1− e−pk−nkk
)
‖ypk‖pk,α
=
(
1− e− pk−nkk
)
‖y‖α
≥ (1− e−1) ‖y‖α.
As
‖u‖α
‖v‖α =
‖y‖α
‖v‖α
‖u‖α
‖y‖α = k
‖u‖α
‖y‖α > k
(
1− e−1) ,
it turns out that
‖G−1α v‖α
‖v‖α =
‖u‖α
‖v‖α > k
(
1− e−1) ,
which contradicts the boundedness of the operator G−1α on c00(α). It follows that
the statement in Step 2 holds.
Step 3. The proof of the theorem.
Let β ∈ Ead(A) be the admissible exponent in Step 2. Since β < α, to get
c00(α) = c00(β), by Remark 2.1 (ii), it suffices to prove the inclusion c00(α) ⊂
c00(β). Indeed, let u ∈ c00(α) and pick n ∈ N. If un 6= 0 then for all m ∈ ∆n one
has
e−β(m−n)‖A(m,n)un‖ = ‖θm‖ ≤ ‖θm‖m,α ≤ ‖θ‖α = ‖θp‖p,α,
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with θ = θ(β, n, un) and p = p(β, n, un) being defined in Step 1. We estimate
sup
m∈∆n
e−β(m−n)‖A(m,n)un‖ ≤ ‖θp‖p,α = sup
m∈∆p
e(α−β)(p−n)e−α(m−n)‖A(m,n)un‖
≤ e−(α−β) 1β sup
m∈∆n
e−α(m−n)‖A(m,n)un‖.
From the above inequality, observing that it still holds for un = 0, we deduce that
‖un‖n,β ≤ e−(α−β) 1β ‖un‖n,α, and this implies c00(α) ⊂ c00(β). 
4. Nonuniform exponential stability of discrete bounded orbits
From Section 3 we already know that a spectral property of the operator Gα
can completely characterize nonuniform exponential stability. In this section we
expose a sufficient condition for the existence of nonuniform exponential stability
of all bounded orbits of A, by weakening the condition 0 /∈ σ(Gα). Recall that the
approximate point spectrum of a bounded linear operator T : E → E is the set
σap(T ) = {λ ∈ C : ∀ ε > 0 ∃x ∈ E with ‖x‖ = 1 such that ‖λx− Tx‖ ≤ ε}.
Theorem 4.1. Assume that 0 /∈ σap(Gα), for some α ∈ Ead(A). If
sup
m∈∆n
‖A(m,n)x0‖ <∞,
for some fixed n ∈ N and x0 ∈ E, then there exist a constant ν > 0 and a positive
real sequence (Nk)k∈N, independent of n and x0, such that
‖A(m,n)x0‖ ≤ Nne−ν(m−n)‖x0‖, for m ∈ ∆n.
Proof. It suffices to consider the case α ≥ 0. Since 0 /∈ σap(Gα), there exists θ > 0
(depending only on α) such that
‖u‖α ≤ θ ‖Gαu‖α, for all u ∈ c00(α).
Pick n ∈ N and x0 ∈ E for which K(n, x0) := sup
m∈∆n
‖A(m,n)x0‖ <∞. We divide
the proof into several steps.
Step1. The following estimation holds:
‖A(m,n)x0‖ ≤ θ
m− n K(n, x0), for every integer m > n. (8)
For any fixed integer m > n we define the real sequence a = (ak)k∈N by
ak =

0, k ∈ {0, . . . , n},
k−n
(m−n)2 , k ∈ {n+ 1, . . . ,m},
1
k−n , k ≥ m+ 1.
Using the above sequence a = (ak)k∈N we construct the (vector valued) sequences
u = u(m,n, x0) = (uk)k∈N and v = v(m,n, x0) = (vk)k∈N defined by
uk =
{
akA(k, n)x0, k ≥ n+ 1,
0, k ∈ {0, . . . , n},
and
vk =
{
(ak − ak−1)A(k, n)x0, k ≥ n+ 1,
0, k ∈ {0, . . . , n}.
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One can easily prove that u, v ∈ c00(α). Moreover, if k ∈ {0, . . . , n} we see that
k∑
i=0
A(k, i)vi = 0 = uk, meanwhile for k ≥ n+ 1 we have
k∑
i=0
A(k, i)vi =
k∑
i=n+1
(ai − ai−1)A(k, n)x0 = akA(k, n)x0 = uk.
By Lemma 2.3 (i) it follows that Gαu = −v. For k ≥ n+ 1 we have
‖vk‖k,α = |ak − ak−1| sup
i∈∆k
e−α(i−k)‖A(i, n)x0‖ ≤ |ak − ak−1|K(n, x0).
A simple computation shows that |ak − ak−1| ≤ 1(m−n)2 , and thus
‖v‖α ≤ 1
(m− n)2 K(n, x0).
Now, we successively have
1
m− n‖A(m,n)x0‖ = ‖um‖ ≤ ‖u‖α ≤ θ ‖Gαu‖α = θ ‖v‖α ≤
θ
(m− n)2 K(n, x0).
The above estimation directly proves (8).
Step 2. If (Mi)i∈N is the sequence given by (2), then there exists a constant
L > 0 (depending only on α) such that
‖A(m,n)x0‖ ≤ θL
m− nMn ‖x0‖, for every integer m > n. (9)
Estimation (8) yields lim
m→∞
‖A(m,n)x0‖ = 0. Thus, there exists a non-negative
integer m0 = m0(n, x0) ≥ n for which
K(n, x0) = sup
m∈∆n
‖A(m,n)x0‖ = ‖A(m0, n)x0‖.
The same inequality (8) also implies (m0−n)‖A(m0, n)x0‖ ≤ θ ‖A(m0, n)x0‖, which
is equivalent to m0 − n ≤ θ. For each positive integer m > n, one has
‖A(m,n)x0‖ ≤ θ
m− n‖A(m0, n)x0‖
≤ θ
m− n e
α(m0−n)Mn ‖x0‖
≤ θe
αθ
m− n Mn ‖x0‖.
This shows that (9) holds for L = eαθ.
Step 3. For each k ∈ N, the following inequality holds:
‖A(m,n)x0‖ ≤ k!θ
k
(m− n)k N˜n‖x0‖, for every integer m > n, (10)
where N˜n = θLMn, with L > 0 given by Step 2.
From Step 2 it readily follows that
‖A(m,n)x0‖ ≤ N˜n
m− n‖x0‖ ≤ N˜n‖x0‖,
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and thus (10) holds for k = 0. Fix now k ∈ N∗ and assume that (10) is valid for
k− 1. For any fixed integer m > n we define a sequence b = b(m,n, k) = (bi)i∈N by
bi =

0, i ∈ {0, . . . , n},
(i − n)k, i ∈ {n+ 1, . . . ,m},
(m−n)k+2
(i−n)2 , i ≥ m+ 1.
Using b we construct sequences u = (ui)i∈N and v = (vi)i∈N given by
ui =
{
biA(i, n)x0, i ≥ n+ 1,
0, i ∈ {0, . . . , n},
and
vi =
{
(bi − bi−1)A(i, n)x0, i ≥ n+ 1,
0, i ∈ {0, . . . , n}.
As in Step 1, one may show that Gαu = −v. If i ∈ {0, . . . , n}, then ‖vi‖i,α = 0.
For i ≥ n+ 1, let us estimate
‖vi‖i,α ≤ |bi − bi−1| sup
j∈∆i
‖A(j, n)x0‖
≤ k(i− n)k−1 sup
j∈∆i
(k − 1)! θk−1
(j − n)k−1 N˜n‖x0‖
= k! θk−1N˜n‖x0‖.
It follows that ‖v‖α ≤ k! θk−1N˜n‖x0‖, and thus
(m− n)k‖A(m,n)x0‖ = ‖um‖ ≤ ‖u‖α ≤ θ‖v‖α ≤ k! θkN˜n‖x0‖.
This last estimation readily implies that (10) holds for k, which proves the claim.
Step 4. For any fixed δ ∈ (0, 1) one has
‖A(m,n)x0‖ ≤ 1
1− δ N˜ne
− δθ (m−n)‖x0‖, for every m ∈ ∆n. (11)
Pick δ ∈ (0, 1). Multiplying inequality (10) by δk, k ∈ N, we get
1
k!
[
δ
θ
(m− n)
]k
‖A(m,n)x0‖ ≤ δkN˜n‖x0‖, m ∈ ∆n, k ∈ N,
and summing with respect to k ∈ N, we obtain
e
δ
θ (m−n)‖A(m,n)x0‖ ≤ 1
1− δ N˜n‖x0‖, for m ∈ ∆n,
which is equivalent to (11), and this completes the proof. 
5. Applications and examples
5.1. Applications to uniform exponential stability. As consequences of our
conclusions, in what follows we deduce discrete versions of some known results, and
we especially refer to papers [9], [14], and [16].
The below result emphasizes the connection between uniform and nonuniform
behavior.
Proposition 5.1. Let α ∈ Ead(A). A is α-uniform exponentially bounded if and
only if c00(α) = c00.
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Proof. Sufficiency. Assume that c00(α) = c00 for some α ∈ Ead(A). If A is not
α-uniform exponentially bounded, then for each n ∈ N there exist un ∈ E, un 6= 0,
and integers kn ≥ ln ≥ 0 that satisfy estimation
‖A(kn, ln)un‖ > neα(kn−ln)‖un‖. (12)
If the sequence (ln)n∈N is bounded, then ln ≤ l for some l ∈ N, thus
n‖un‖ < e−α(kn−ln)‖A(kn, ln)un‖ ≤Mln‖un‖ ≤ max
k∈{0,...,l}
Mk‖un‖,
which is a contradiction. If (ln)n∈N is strictly increasing, let (αn)n∈N be a real
sequence such that αn → 0 and n|αn| → ∞ as n → ∞. Consider a sequence
v = (vn)n∈N ∈ c00 for which its subsequence (vln)n∈N is given by
vln = αn
un
‖un‖ , for n ∈ N
∗.
The hypothesis c00(α) = c00 implies v ∈ c00(α). On the other hand, according to
(12) we have
n|αn| < e−α(kn−ln)‖A(kn, ln)vln‖ ≤ ‖vln‖ln,α.
The above estimation yields v /∈ c00(α), that contradicts our assumption. We
thereby conclude that A is α-uniform exponentially bounded.
Necessity. Assume that there exists a constant M > 0 such that
‖A(m,n)‖ ≤Meα(m−n), for all (m,n) ∈ ∆.
From Remark 2.1 (i), it suffices to prove the inclusion c00 ⊂ c00(α). In this regard,
let us notice that for every u ∈ c00 one gets ‖un‖n,α ≤ M‖un‖ → 0 as n → 0,
therefore u ∈ c00(α). 
Using Proposition 5.1 and Theorem 3.1, one can obtain a necessary and sufficient
condition for the existence of uniform exponential stability, in terms of invertibility
of the operator G restricted on c00.
Corollary 5.2. If the sequence (An)n∈N is uniform exponentially bounded, then it
is uniform exponentially stable if and only if the operator G is invertible on c00.
The above result can be considered a discrete version of Theorem 2.2 in [16] (see
also Theorem 3.4 in [9]).
Reader will certainly notice that the statement in Theorem 2.1 from [14] exposed
below, is also an immediate consequence of our Theorem 4.1.
Corollary 5.3. Let A be a uniform exponentially bounded sequence and assume
that 0 /∈ σap(G). If sup
m∈∆n
‖A(m,n)x0‖ <∞ for some fixed n ∈ N and x0 ∈ E, then
there exist constants N, ν > 0, independent of n and x0, such that
‖A(m,n)x0‖ ≤ Ne−ν(m−n)‖x0‖, for all m ∈ ∆n.
5.2. Examples. Let us emphasize an important difference between uniform and
nonuniform behavior: while in the uniform case c00(α) = c00 for each admissible
exponent α (see Proposition 5.1), in the nonuniform setting there are examples of
discrete dynamics for which c00(α) is not unique. Moreover, there exist discrete
families admitting infinitely many such sequence spaces, as illustrated in Example
5.5.
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In the following particular situations we identify the set Ead(A) for some operator
sequences A, pointing out the connections between the spaces c00(α), when α varies
on Ead(A).
Example 5.4. Let An = e
an−an+1Id, where an =
n
2 + (−1)n , n ∈ N. The discrete
evolution family associated to A = (An)n∈N is given by
A(m,n) = ean−amId, for (m,n) ∈ ∆.
The discrete dynamics A is at the same time not uniformly exponentially bounded
and nonuniform exponentially stable, with Ead(A) = [−1/3,∞). Moreover,
c00(α) = c00(−1/3), α ∈ Ead(A). (13)
Proof. For all (m,n) ∈ ∆ one has
an − am = m
(
1
3
− 1
2 + (−1)m
)
− n
(
1
3
− 1
2 + (−1)n
)
− 1
3
(m− n)
= −m
3
· 1− (−1)
m
2 + (−1)m +
n
3
· 1− (−1)
n
2 + (−1)n −
1
3
(m− n) .
Since
‖A2n−1‖ = ea2n−1−a2n = e(2n−1) 23− 13 →∞,
it follows that A is not uniform exponentially bounded. Notice that inequality
e
1
3
(m−n)‖A(m,n)‖ ≤ e 23n for (m,n) ∈ ∆ implies − 13 ∈ Ead(A). Fix ε > 0. From
estimation
e(
1
3
+ε)(2n−0)‖A(2n, 0)‖ = e− 2n3 +( 13+ε)2n = e2nε →∞,
we deduce that − 13 − ε /∈ Ead(A), in conclusion Ead(A) = [−1/3,∞).
To prove (13) it suffices to show that c00(α) ⊂ c00(−1/3), for all α ≥ − 13 . For
such fixed α and for any (m,n) ∈ ∆ we put
fα(m,n) = an − am − α(m− n),
and rewriting
fα(m,n) = −m
3
· 1− (−1)
m
2 + (−1)m +
n
3
· 1− (−1)
n
2 + (−1)n −
(
α+
1
3
)
(m− n) ,
notice that
fn = sup
m∈∆n
f−1/3(m,n) =
{
0, if n is even,
2n
3 , if n is odd.
(14)
For each n ∈ N let us denote mn the (unique) even integer in the set {n, n+ 1}. It
is easy to check that fα(mn, n) ∈
{
0, 2n3 −
(
α+ 13
)}
. Then for each u ∈ c00(α) we
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successively have
‖un‖n,−1/3 = sup
m∈∆n
e
1
3
(m−n)‖A(m,n)un‖
= sup
m∈∆n
ef−1/3(m,n)‖un‖
= efn‖un‖
= e
fn− sup
m∈∆n
fα(m,n)‖un‖n,α
≤ efn−fα(mn,n)‖un‖n,α.
By (14) we deduce that
fn − fα(mn, n) =
{
0, if n is even,
α+ 1/3, if n is odd,
and thus ‖un‖n,−1/3 ≤ eα+ 13 ‖un‖n,α, which readily implies u ∈ c00(−1/3). 
The above particular case looks pretty similar to the uniform setting, that is the
sequence space c00(α), α ∈ Ead(A), is unique. We expose below the completely
different situation of a discrete evolution family admitting infinitely many such
spaces.
Example 5.5. For the discrete evolution family A(m,n) = ef(m)−f(n)Id, where
f(t) = −2
√
t cos
√
t+ 2 sin
√
t− t, t ≥ 0,
the following properties hold:
(i) Ead (A) = (−1,∞);
(ii) A is α-uniform exponentially bounded if α ≥ 0, thus c00(α) = c00;
(iii) A is not α-uniform exponentially bounded if α ∈ (−1, 0);
(iv) For all α < β in (−1, 0), the inclusion c00(α) ⊂ c00(β) is strict.
Proof. In what follows letters t, s denote real variables, while letters m, n, p only
refer to non-negative integers. For any fixed α ∈ R we set
Eα(m,n) = f(m)− f(n)− α(m− n) = fα(m)− fα(n), (m,n) ∈ ∆,
where
fα(t) = f(t)− αt = −2
√
t cos
√
t+ 2 sin
√
t− (α+ 1) t, t ≥ 0.
(i) The density of the set {sinm |m ∈ N} in [−1, 1] implies that there exists an
unbounded sequence of non-negative integers (mn)n∈N with lim
n→∞
sin
√
mn = 0, and
lim
n→∞
cos
√
mn = −1. For α = −1 one has
lim
n→∞
E−1(mn, 0) = lim
n→∞
(−2√mn cos√mn + 2 sin√mn)
= lim
n→∞
(−2√mn cos√mn) =∞,
which implies −1 /∈ Ead (A). If α > −1, observing that lim
m→∞
Eα(m,n) = −∞, one
gets sup
m∈∆n
Eα(m,n) = an <∞. We thereby conclude that Ead (A) = (−1,∞).
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(ii) If α ≥ 0, then f ′α(t) = sin
√
t− (α+ 1) ≤ 0, thus Eα(m,n) ≤ 0. This proves
that A is α-uniform exponentially bounded, and by Proposition 5.1 we deduce that
c00(α) = c00.
(iii) If α ∈ (−1, 0), then set θ = arcsin (α+ 1) ∈ (0, pi2 ). Equation f ′α(t) = 0 has
two families of solutions:
t′n = (2nπ + θ)
2
, t′′n = ((2n+ 1)π − θ)2 , n ∈ N.
Clearly fα is an increasing map on each interval (t
′
n, t
′′
n), and decreasing on each
interval (t′′n, t
′
n+1). Since
fα(t
′′
n+1)− fα(t′′n) = 4π[cos θ − sin θ(2π − θ + 2nπ)],
the sequence (fα(t
′′
n))n∈N is decreasing for sufficiently large n, say n ≥ n0(α). Let
us denote sn =
(
2nπ + pi2
)2 ∈ (t′n, t′′n). It readily follows that for any n ≥ n0(α) the
following identity holds:
sup
t≥sn
Eα(t, sn) = Eα(t
′′
n, sn) = fα(t
′′
n)− fα(sn) = 4nπϕ(θ) + ψ(θ),
where
ϕ(θ) = cos θ − sin θ
(π
2
− θ
)
,
and
ψ(θ) = 2(π − θ) cos θ + 2 sin θ − sin θ
(π
2
− θ
)(3π
2
− θ
)
− 2.
As ϕ is a decreasing map on
[
0, pi2
]
, then ϕ(θ) > ϕ(pi2 ) = 0, and this implies
lim
n→∞
Eα(t
′′
n, sn) =∞. The map fα possesses an important property:
|t′ − t′′| ≤ 1⇒ |fα(t′)− fα(t′′)| =
∣∣∣sin√ξ − (α+ 1)∣∣∣ ≤ 2, (15)
with some ξ between t′ and t′′. Set pn = [sn] + 1, and qn = [t
′′
n]. From the identity
Eα (qn, pn) = fα(qn)− fα(t′′n) + fα(sn)− fα (pn) + Eα(t′′n, sn),
the monotonicity of the function fα implies
Eα(t
′′
n, sn)− Eα (qn, pn) = fα(t′′n)− fα(qn) + fα (pn)− fα(sn) ≥ 0,
and by (15) we obtain
0 ≤ Eα(t′′n, sn)− Eα (qn, pn) ≤ 4. (16)
Setting χ (α, n) = sup
m∈∆n
Eα (m,n) one has
Eα (qn, pn) ≤ χ (α, pn) ≤ sup
t≥pn
Eα (t, pn) ≤ sup
t≥sn
Eα (t, sn) = Eα(t
′′
n, sn),
therefore inequality (16) yields
0 ≤ Eα(t′′n, sn)− χ (α, pn) ≤ 4. (17)
It follows now that lim
n→∞
Eα(t
′′
n, sn) = ∞ implies lim
n→∞
χ (α, pn) = ∞, hence (iii)
holds.
(iv) For any fixed −1 < α < β < 0 we set
θ = arcsin(α+ 1), ζ = arcsin(β + 1) ∈
(
0,
π
2
)
.
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Let us define the real maps
gα (s) = sup
t≥s
Eα (t, s) , gβ (s) = sup
t≥s
Eβ (t, s) , and g (s) = gα (s)− gβ (s) , s ≥ 0.
Identity
g(sn) = sup
t≥pn
Eα(t, sn)− sup
t≥pn
Eβ(t, sn) = Eα(t
′′
n, sn)− Eβ(t′′n, sn)
= 4nπ (ϕ(θ) − ϕ(ζ)) + (ψ(θ) − ψ(ζ))
implies lim
n→∞
g(sn) = ∞. Let us denote λn = χ (α, pn) − χ (β, pn). Inequality (17)
yields
|g(sn)− λn| ≤ Eα(t′′n, sn)− χ (α, pn) + Eβ(t′′n, sn)− χ (β, pn) ≤ 8,
and lim
n→∞
g(sn) =∞ implies lim
n→∞
λn =∞. For each n ∈ N and α0 ∈ Ead (A) we put
µ (α0, n) = max {χ (α0, n) , χ (α0, pn)}. Let us define the sequence u = (un)n∈N by
un = e
− 1
2
λn−µ(β,n), n ∈ N.
Since
‖un‖n,β = sup
m∈∆n
e−β(m−n) ‖A (m,n)un‖ = eχ(β,n)− 12λn−µ(β,n) ≤ e− 12λn → 0,
we get u ∈ c00(β), and from
‖upn‖pn,α = sup
m∈∆pn
e−α(m−pn) ‖A (m, pn)upn‖ = eχ(α,pn)−
1
2
λn−µ(β,pn)
= eχ(α,pn)−
1
2
λn−χ(β,pn) = e
1
2
λn →∞,
we obtain u /∈ c00(α), which ends the proof. 
A final comment
We anticipate that the techniques and constructions introduced in the present
paper should lead to new characterizations of nonuniform hyperbolicity of discrete
dynamics, following for example the path in [16].
To act likewise, it is quite necessary to work on the new Banach function space
c0(α) =
{
u = (un)n∈N ⊂ E: lim
n→∞
‖un‖n,α = 0
}
instead of c00(α), and we think that a conclusion as in Theorem 4.3 from [16] is
expected.
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Appendix A. A convergence result
The following lemma gives a convergence result for real series.
Lemma A.1. If (an)n∈N and (bn)n∈N are two positive real sequences such that the
series
∞∑
n=0
an converges and lim
n→∞
bn = 0, then
lim
n→∞
n∑
k=0
an−kbk = 0.
Proof. For each n ∈ N, set xn =
n∑
k=0
an−kbk, Sn =
n∑
k=0
ak, and let S =
∞∑
k=0
ak. As
lim
n→∞
bn = 0, then bn ≤ K for some K > 0. For ε > 0 there exits n1 = n1(ε) ∈ N
such that
bn <
ε
2S
, for all n ≥ n1.
The convergence of the series implies the existence of some n2 = n2(ε) ∈ N such
that for all n ≥ n2 and p ∈ N∗ one has
Sn+p − Sn < ε
2K
.
Let n0 = max{n1, n2} and choose n ≥ 2n0. Estimation
xn =
(
anb0 + · · ·+ an−(n0−1)bn0−1
)
+ (an−n0bn0 + · · ·+ a0bn)
≤ K (an−n0+1 + · · ·+ an) +
ε
2S
(a0 + · · ·+ an−n0)
= K (Sn − Sn−n0) +
ε
2S
n−n0∑
k=0
ak
<
ε
2
+
ε
2
= ε
shows that xn → 0. 
Appendix B. A consequence of Faulhaber’s formula
Faulhaber’s formula expresses the sum of the pth powers of the first n positive
integers as a (p + 1)th-degree polynomial function of n. Precisely, for all n ∈ N∗
and p ∈ N, the following identity holds:
n∑
k=1
kp =
1
p+ 1
p∑
j=0
(−1)j
(
p+ 1
j
)
Bjn
p+1−j ,
where Bj denotes the jth Bernoulli number with the convention B1 = −1/2. Since
B0 = 1, one has
n∑
k=1
kp ≥ n
p+1
p+ 1
, n ∈ N∗, p ∈ N. (18)
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